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We derive an analytic expression for the temperature dependent critical magnetic field parallel
to ultrathin superconducting films with Rashba spin-orbit interaction. Thereby we cover the range
from small to large spin-orbit interactions λ compared with the gap parameter ∆0. We find that
at a critical spin-orbit energy λc a first-order phase transition takes place at which the pairing
momentum of the Cooper pairs changes discontinuously. We speculate that this might give raise
to new phenomena. With increasing λ/∆0 the pair formation changes from interband to intraband
pairing. For λ > λc a dimensional cross-over of the critical field from two to one dimension is taking
place.
In recent years the manufactoring of controlled ultra-
thin superconducting films has made impressive progress.
Important examples are monoatomic or monomolecular
layers on a substrate, [1, 2], superconducting layers in
a superlattice [3, 4], or superconducting interfaces and
surfaces [5, 6] . They have in common the absence of
inversion symmetry and hence the presence of Rashba-
type spin-orbit energy λ [7]. The latter can be modified
to some extent by varying the thickness, the number of
layers, or by applying an electric voltage.
Spin-orbit interactions and their effects on supercon-
ductivity were considered shortly after the development
of the BCS theory [8–10]. However, in distinction to
the Rashba-type of interaction the majority of studies
focused on impurity or surface scattering which does not
conserve momentum. As a consequence of its invariance
under time reversal, spin-orbit scattering off impurities
does not affect the superonducting transition tempera-
tures of isotropic s-wave superconductors. However, it
leads to a finite spin-susceptibiliy of the ground state.
When the spin populations of electrons become unbal-
anced by an applied magnetic field, Cooper pairing is
quite different when momentum is conserved or violated
by spin-orbital interaction processes. Therefore the crit-
ical magnetic field caused by the Zeeman effect varies
strongly in the two cases. Spin-orbit scattering off im-
purities derives from the atomic potentials of heavier el-
ements. When the latter, however, are sitting on regular
lattice sites one has to account for a periodic spin-orbit
interaction which can be rather strong compared to the
characteristic energies of a superconductor and which is
consequently accounted for in terms of the normal-state
quasiparticles and their interactions. The consequences
of periodic spin-orbit interaction were discussed in a sem-
inal paper by Bulaevskii et al. [11].
Here we focus on inhomogeneous superconducting
phases caused by an in-plane magnetic field in a quasi-2D
superconductor with Rashba interaction (see Figure 1).
They are due to the Zeeman effect and an analogue of
those caused by a magnetic field acting on the electron
orbits rather than on the spins (Abrikosov lattices).
We assume that the attractive interaction leading to
the formation of Cooper pairs is the same as in the cor-
responding bulk superconductor which we use as refer-
ence system. To characterize the superconducting prop-
erties of ultra-thin layers, we measure the energies and
lengths in units of the low-temperature energy gap ∆0
and the coherence length ξ0 =
~vF
π∆0
of the reference sys-
tem. Here ~ is Planck’s constant and vF denotes the
Fermi velocity in the normal state. For simplicity, we
consider a single-component spin-singlet superconductor
for which the order parameter ∆(R)Y
(
kˆ
)
can be fac-
torized into a spatially dependent complex amplitude and
a momentum-space basis function where kˆ is the direc-
tion of the Fermi momentum. The basis function is nor-
malized
〈∣∣∣Y (kˆ)∣∣∣2〉
FS
= 1 where 〈. . .〉FS denotes the
angular Fermi surface average.
The population imbalance generated by an in-plane
magnetic field of magnitude H will depend on the rel-
ative strengths of the spin-orbit interaction λ for the
quasiparticles at the Fermi energy and the Zeeman en-
ergy h = 1
2
gµBH where g = 2 and µB denote the gyro-
magnetic ratio and the Bohr magneton, respectively.
There exists already a considerable body of work on
superconductivity of unbalanced populations in the ab-
sence of inversion symmetry [12–18]. It was partially
motivated by expectations that experiments on ultracold
fermionic atoms on optical lattices could test theoretical
predictions [16–18]. In particular, phase diagrams were
calculated numerically for various limiting cases.
The present paper describes the results of a micro-
scopic theory of superconducting films with population
imbalance which are subject to Rashba spin-orbit inter-
action. The full range of spin-orbit interaction energies λ
is considered, i.e., from λ ≪ ∆0 to λ ≫ ∆0 where ∆0 is
the superconducting gap. Of particular interest are the
variation with temperature of the upper critical field Hc2
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Figure 1: Influence of Rashba spin-orbit interaction λ = ∆0
on the normal-to-superconductor transition of an ultra-thin
film in an in-plane magnetic field. The geometry is ex-
plained in the upper panel. Lower panel: The upper critical
field Hc2 (T ) (red dots) is enhanced over the universal BCS-
prediction for λ = 0 (dotted red line). The momentum q (T )
(blue dots) of the Cooper pairs forming atHc2 (T ) is (slightly)
reduced compared to the case λ = 0 (dotted blue line). The
tri-critical point T ∗ at which the normal phase merges with
the superconducting phases with q = 0 and q 6= 0 is shifted
to lower temperatures. The variation q (T ) is non-monotonic
with a maximum at T ′ < T ∗. The hypothetical critical mag-
netic field for Cooper pairs with q ‖ H is shown in the inset
for comparison (green dots).
below which the normal phase becomes unstable.
Figure 1 illustrates central results of the present paper
for an isotropic s-wave superconductor. The subtle
interplay of imbalance created by the magnetic field and
the Rashba spin-orbit interaction gives rise to an
enhancement of the upper critical field curve Hc2 (T )
over the universal BCS curve. This enhancement is
dramatic for λ≫ ∆0 [19]. In addition, the tri-critical
point T ∗ at which the normal phase merges with the
superconducting phases with pairing momentum q = 0
and q 6= 0 is shifted to lower temperatures [20]. Due to
the coupling of spin and orbital motion, the direction of
the modulation vector is fixed perpendicular to the
magnetic field direction q (T ) ⊥ H.
A more striking feature of the upper critical field curve
is the existence of a temperature T ′ < T ∗ below which
the phase boundary steepens as function of temperature.
At this temperature T ′, the magnitude of the modulation
vector is maximal decreasing for decreasing temperatures
T < T ′. This non-monotonic variation of q (T ) for λ
comparable to ∆0 is a feature of the theory presented
here.
The theory leading to the results in Figure 1 is based
on the quasiclassical method and will be discussed in an
extended version of this paper. The idea behind it is more
simple. We must generalize the magnetic-field induced
imbalance to systems with spin-orbit interaction.
In the absence of SO interaction the upper critical field
is given in terms of digamma functions ψ (z) by [21]
ln
T
Tc
= ψ
(
1
2
)
-
〈
Reψ
(
1
2
+ i
h+ ~
2
vF · q
2πkBT
)∣∣∣Y (kˆ)∣∣∣2
〉
FS
0 =
∂
∂q
〈
Reψ
(
1
2
+ i
h+ ~
2
vF · q
2πkBT
) ∣∣∣Y (kˆ)∣∣∣2
〉
FS
.
(1)
These conditions evaluated for an isotropic s-wave su-
perconductor produce the dotted lines in Figure 1. Here
h+ ~
2
vF ·q = 12
∣∣ǫ↑ (k+ q2 )− ǫ↓ (−k+ q2 )∣∣ is directly re-
lated to the energy difference between states forming a
Cooper pair with finite pairing momentum q.
Due to spin-orbit interaction, spin ceases to be a good
quantum number and, as a result, the pair density will
generally contain singlet and triplet contributions. The
short-ranged attraction, however, which we assume to be
the same as in the bulk reference superconductor leads
to a spin-singlet order parameter which is a coherent su-
perposition of inter- and intraband pairs To discuss the
consequences for the upper critical field we start with the
linear equation for the existence of a superconductivity
gap function
∆(R) =
ˆ
d3R′K (R,R′) ∆ (R′) (2)
where the non-local kernelK (R,R′) has to be calculated
from a microscopic theory. It depends on the properties
of the quasiparticles in the normal state which are de-
scribed by the Hamiltonian [12]
H0 =
∑
kss′
(
Hˆ0 (k)
)
ss′
c†kscks′
Hˆ0 (k) = ξk1ˆ− g
2
µBH · σˆ + λ
(
ez × kˆ
)
· σˆ (3)
with the 2 × 2-unit matrix 1ˆ, the Pauli matrix vector
σˆ = (σˆ1, σˆ2, σˆ3), and the kinetic energy of the quasipar-
ticles ξk = vF (k − kF ). Throughout the calculations we
choose the z-direction as quantization axis. The constant
3λ is the spin-orbit energy of the states at the Fermi en-
ergy.
The phase boundary between the normal state and the
single-q-phase ∆(R) ∼ eiq·R with |q| ≪ kF is deter-
mined by[21, 22]
K (q;H,T )−K (0; 0, Tc) = 0 ; ∇qK (q;H,T ) = 0
(4)
where we eliminated the BCS-coupling constant and the
cut-off in favor of the transition temperature Tc. Re-
placing
∑
k . . . → N (0)
〈´
dξk . . .
〉
FS
yields for the first
condition
ln
T
Tc
= kBT
∑
ǫn
(〈ˆ
dξk
1
2
Tr
{
σˆ2Gˆ0
(
k+
q
2
; iǫn
)
σˆ2Gˆ
∗
0
(
−k+ q
2
; iǫn
)} ∣∣∣Y (kˆ)∣∣∣2〉
FS
− π|ǫn|
)
(5)
with the normal-state Green’s functions Gˆ0
(
k+ q
2
; iǫn
)
=
[(
iǫn − ~2vF
(
kˆ
)
· q
)
1ˆ− Hˆ0 (k)
]−1
at the Matsubara
frequencies ǫn=πkBT(2n+ 1). Evaluating the expressions in Eq. (5) yields
ln
T
Tc
= ψ
(
1
2
)
−
〈[
|uinter|2Re ψ
(
1
2
+ i
Winter +
~
2
vF · q
2πkBT
)
+ |uintra|2Re ψ
(
1
2
+ i
Wintra +
~
2
vF · q
2πkBT
)]
|Y|2
〉
FS
(6)
with
W 2inter/intra
(
kˆ
)
=
1
2
(
λ2 + h2
)
±1
2
√
(λ2 + h2)
2 − 4h2λ2kˆ2y (7)
∣∣∣uinter/intra (kˆ)∣∣∣2 = 1
2

1± h
2 − λ2√
(λ2 + h2)2 − 4h2λ2kˆ2y

 .
(8)
This is the central result of the present paper. It is
a straight-forward generalization of Eq. (1). The up-
per critical magnetic field is determined by half the en-
ergy differencesWinter/intra+
~
2
vF ·q of the quasiparticle
states k+ q
2
and −k+ q
2
taken from the same (intra) and
different (inter) bands, respectively. The contributions of
the two types of pairing are weighted by
∣∣uinter/intra∣∣2.
The brackets 〈. . . 〉FS denote an angular average over
the Fermi surfaces of the two spin-orbit split bands.
Here to leading order in λ/EF , the difference kF± =
kF0(1± λ/EF ) can be neglected when the angular aver-
ages are taken. The averaged weights for the two types of
pairing are plotted in Fig. 2 for s-wave as well as d-wave
pairing when the field is in nodal and anti-nodal direc-
tion, respectively. The averaging integrals can be done
analytically and lead to elliptic integrals.
Because of the neglect of the difference kF± in aver-
aging, the solutions of Eq. (6) are still degenerate with
respect to ±q. In reality this degeneracy is slightly split
depending on the size of λ. Yet, this has little effect
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Figure 2: Averaged weights of interband (squares) and in-
traband (dots) contributions from Eq. (8) to isotropic s-wave
(left panel) and dx2−y2 -pair states with the in-plane magnetic
field in anti-nodal directions (right panel). The case of mag-
netic field in nodal direction (dashed lines) is included for
camparison. For low magnetic fields, the intraband contribu-
tions dominate while the interband pairs dominate for large
magnetic fields. For its numerical evaluation see [23].
on hc2 (T ). Lifting the ±q degeneracy implies a ground
state with a finite spin current yet vanishing charge cur-
rent. The depaired electrons have unbalanced spin pop-
ulations in this case, a topic dealt with in a separate
investigation.
Information on the ground state in the presence of a
magnetic field is obtained by reducing Eq. (6) to the
zero-temperature limit. The results are summarized in
Figure 3.
We find that for λ < ∆0/
√
2, the value of hc2 = ∆0
remains essentially uneffected by λ, with Q = ~vF q
2
=
∆0 like for λ = 0 [24, 25]. However, at a critical value
of λc = ∆0/
√
2, a second superconducting state with
Q = ∆0/
√
3 yields the same critical field h = ∆0 as does
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Figure 3: Critical field h/∆0 (upper panel) and modulation
Q = ~vF q/(2∆0) with q perpendicular to the magnetic field
as function of λ/∆0. At λc/∆0 = 1/
√
2, a discontinuous jump
in pairing momentum from Q = ∆0 to Q = ∆0/
√
3 is taking
place.
Q = ∆0 . It determines the superconducting to normal
transition for λ > λc as it yields a higher values of h.
This is seen in Fig. 4 where it can be noted that the
state with h = ∆0 and Q = ∆0 continues to exist up
to λ ≤ ∆0 although it is unstable for λ > λc. With
increasing λ > ∆0 the self-consistent solutions go over
into the ones found for a one-dimensional system i.e.,
the g-factor becomes strongly anisotropic. The phase
transition at λc found here and leading to a dimensional
cross-over is a new feature and has not previously been
observed. It is tempting to speculate, that the existence
of two distinct modulation vectors near λc might give rise
to novel phenomena. For example, the tunneling density
of states should change dramatically near this point.
The existence of the two modulation vectors can be
understood from rather elementary consideration. The
center-of-gravity momentum of the Cooper pairs, q, is
selected so as to minimize depairing due to imbalance.
In the present case, the Cooper pairs contain contribu-
tions from both inter- and intra-band pairs. For weak
SO interaction, the interband pairs dominate and we en-
counter the well-known FFLO scenario of a quasi-2D
superconductor with hc2(0) = ∆0 and Q = ∆0. As
the strength of the SO interaction increases relative to
the Zeeman energy, the intraband pairs begin to dom-
inate. The Fermi surface of the normal-state has two
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Figure 4: Contour plot of the LHS of Eq. (6) for Q =
~vF q/(2∆0) vs. h/∆0 at T = 0. The λ/∆0 values are (a
- d): 0, 0.4, λc/∆0 = 1/
√
2 =0.707 and 1.5. The thick black
lines show the solutions of the linearized self-consistency equa-
tions. The dotted white lines correspond to the “nesting” con-
dition for intra-band pairing ~vF q/2 = Q = hλ/
√
h2 + λ2.
The second peaked solution gives a larger value of h when
λ > λc = ∆0/
√
2.
Figure 5: Finite-momentum pairing in limiting cases. For
λ ≪ h (left panel) the dominant contribution comes from
interband pairing and we find the usual FFLO scenario. For
λ ≫ h (right panel), intraband pairing dominates and the
pairing momentum is related to the shift of the Fermi surfaces
as explained in the text.
sheets kF0 ± 1~vF
√
h2 + λ2 + 2hλkˆy where kF0 refers to
h = 0 and λ = 0. In both limits h ≪ λ and h ≫ λ,
the Fermi surface can be approximated by two circles of
radii kF0 ± 1~vF
√
h2 + λ2 centered at
(
0,± 1
~vF
hλ√
h2+λ2
)
(see Fig. 5). The optimal pairing is with respect to these
shifted centers, q
2
=
(
0,± 1
~vF
hλ√
h2+λ2
)
. This result re-
mains valid also for h ∼ λ, as can be seen from Fig. 4.
Of special interest is the tricritical point (TP) at
which the normal phase merges with the superconduct-
ing phases with Q = 0 and Q 6= 0. When λ = 0 the TP
is at Ttri(λ = 0)/Tc = 0.56 and htri(λ = 0)/∆0 = 0.62
[21, 26]. When λ increases from λ = 0 the homogeneous
5superconducting state is initially stabilized and Ttri/Tc
decreases until at λc2 ≃ 0.722∆0 it reaches a minimum
of Ttri(λc2)/Tc = 0.531 while htri(λc2)/∆0 = 0.675. For
λ > λc2, both Ttri(λ)/Tc and htri(λ) increase continu-
ously with λ [20].
In summary we have derived analytic expressions for
the critical magnetic field h(T ) of ultrathin films for all
sizes of the Rashba spin-orbital interaction energy in
units of ∆0. With increasing ratio h/λ Cooper pairing
changes from intraband to interband electron states. We
found a discontinuous jump of the pairing momentum Q
taking place at a critical λc. For λ > λc a dimensional
cross-over of h(T ) takes place from two to one dimension.
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1
FIG. S1: Critical field hc2(T )/∆0 (red) and pairing momentum ~qvF /2∆0 (blue) obeying Eq. (6) as function
of T/Tc. One notices that at T = 0 and λ < λcrit = ∆0/
√
2 it is hc2(0)/∆0 = 1 and ~vF q/(2∆0) = 1. For
λ > λcrit both quantities increase and cross over to one-dimensional behavior. One also notices that the
tricritical temperature T ∗, characterized by the onset of q(λ) 6= 0 decreases for λ < λc and increases for
λ > λc.
I. VARIATION OF THE UPPER CRITICAL FIELD WITH TEMPERATURE
We present additional data obtained by evaluating Eq. (6) and illustrating the influence
of the Rashba spin-orbit interaction on the upper critical field as shown in Fig.S1. The
qualitative behavior of hc2 (T ) /∆0 = µBHc2 (T ) /∆0 is only weakly affected by the spin-
orbit interaction. In particular, we find in the vicinity of the transition temperature Tc
hc2 (T )
2pikBTc
∼
√
1− T
Tc
. (S.1)
The λ-dependent prefactor is derived by expanding Eq. (6) to leading order in the the small
quantities hc2(T )
2pikBTc
and Tc−T
Tc
1− T
Tc
=
(
hc2 (T )
2pikBTc
)2
1
2

7ζ (3) +
Reψ
(
1
2
+ i λ
2pikBTc
)
− ψ (1
2
)
(
λ
2pikBTc
)2

 (S.2)
2
with the Riemann ζ-function. This expression yields
hc2 (T )
2pikBTc
≃
√
1− T
Tc


√
1
7ζ(3)
; λ→ 0√
2
7ζ(3)
; λ→∞
. (S.3)
The sensitivity of the upper critical field for weak spin-orbit interaction λ, i.e.,(
λ
∆0
dhc2
dλ
)
λ=0
, will be discussed below. The influence of a very strong spin-orbit inter-
action, λ ≫ h, ∆0, on the other hand, can be accounted for by an effective anisotropic
g-factor.
For all values of the ratio λ/∆0, in high magnetic fields a modulated superconducting
phase with finite-momentum Cooper pairs is predicted to form at low temperatures T <
T ∗ (λ). The variation with λ of the tricritical temperature T ∗ (λ) is discussed below.
It is clearly seen that the discontinuous change in the T = 0 pairing momentum at the
critical value λc = ∆0/
√
2 leads to a non-monotonic variation of q (T ) with T . It reflects
the competition between intra- and inter-band pairing in the ground state.
One notices a steep increase of the pairing momentum and of Hc2(T ) when λ/∆0 exceeds
unity and an increase of ~vF q/(2∆0) at T = 0 for λ > λc = ∆0/
√
2. The dramatic increase
in Hc2(T ) when λ > λc should be experimentally observable.
II. INTER- VS. INTRA-BAND PAIRING
The short-ranged attractive interaction between the quasiparticles leads to the formation
of spin singlet Cooper pairs in the bulk reference superconductor. In a thin film which is
subject to both Rashba spin-orbit interaction and an in-plane magnetic field the pair wave
functions will contain both intra- and inter-band contributions
1√
2
(|k ↑;−k ↓〉 − |k ↓;−k ↑〉) = uintra (h, λ;ϕ) 1√
2
(|k+;−k+〉 − |k−;−k−〉)
+uinter (h, λ;ϕ)
1√
2
(|k+;−k−〉 − |k−;−k+〉) (S.4)
3
where the end symbols +, − label the two Fermi surfaces (see Fig. 5). The anisotropic
weights
|uintra (h, λ;ϕ)|2 = 1
2

1 + h
2 − λ2√
(h2 + λ2)2 − 4h2λ2 sin2 ϕ


|uinter (h, λ;ϕ)|2 = 1
2

1− h
2 − λ2√
(h2 + λ2)2 − 4h2λ2 sin2 ϕ

 (S.5)
depend on the ratio h¯ = h/λ. The angular averages for isotropic s-wave pairing as well as
for dx2−y2-pairing with nodal and anti-nodal direction parallel to the applied magnetic field
are easily evaluated in closed form
〈∣∣uintra/inter (h, λ;ϕ)∣∣2〉
s−wave
=
2
pi
∫ pi/2
0
∣∣uintra/inter (h, λ;ϕ)∣∣2
=
1
2
{
1± h¯
2 − 1
h¯2 + 1
2
pi
K
(
2h¯
h¯2 + 1
)}
〈∣∣uintra/inter (h, λ;ϕ)∣∣2〉
d−wave;anti
=
2
pi
∫ pi/2
0
∣∣uintra/inter (h, λ;ϕ)∣∣2 2 cos2 2ϕ
=
1
2
{
1± h¯
2 − 1
h¯2 + 1
2
pi
1
3h¯4
×[(
1 + 4h¯4 + h¯8
)
K
(
2h¯
h¯2 + 1
)
− (1 + h¯2)2 (1 + h¯4)E( 2h¯
h¯2 + 1
)]}
〈∣∣uintra/inter (h, λ;ϕ)∣∣2〉
d−wave;nodal
=
2
pi
∫ pi/2
0
∣∣uintra/inter (h, λ;ϕ)∣∣2 2 sin2 2ϕ
=
1
2
{
1± h¯
2 − 1
h¯2 + 1
2
pi
(
1 + h¯2
)2
3h¯4
×
[(
1 + h¯4
)
E
(
2h¯
h¯2 + 1
)
− (1− h¯2)2K ( 2h¯
h¯2 + 1
)]}
where K and E denote the complete elliptic integrals [1]
K (k) =
∫ pi/2
0
dϕ√
1− k2 sin2 ϕ
E (k) =
∫ pi/2
0
dϕ
√
1− k2 sin2 ϕ . (S.6)
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III. SENSITIVITY OF Hc2 (T ) WITH RESPECT TO SMALL RASHBA SPIN-
ORBIT INTERACTION
FIG. S2: Sensitivity of hc2(T ) with changing spin-orbit interaction as function of temperature. A sudden
change in the behavior at T = T ∗(λ = 0) is noticed.
It is also instructive to study the sensitivity of the critical field hc2(T ) with respect to
changes in λ. It is found that there is a significant change at the tricritical temperature
T ∗(λ = 0)/Tc = 0.531 (see Fig. S2). Starting point is here Eq. (4). We expand the kernel
K for small values of λ(
dK
dλ2
)
λ=0
=
(
∂K
∂λ2
+
∂K
∂H
∂H
∂λ2
+∇qK · ∂q
∂λ2
)
λ=0
. (S.7)
For the upper critical field Hc2 we have
∇qK = 0 (S.8)
which implies (
∂K
∂λ2
)
Hc2,q,λ=0
+
(
∂K
∂H
)
Hc2,q,λ=0
(
∂Hc2
∂λ2
)
λ=0
= 0 . (S.9)
From this we obtain (
∂Hc2
∂λ2
)
λ=0
= −
(
∂K
∂λ
)
Hc2,q,λ=0(
∂K
∂H
)
Hc2,q,λ=0
. (S.10)
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From Eq. (6) we obtain
(
∂K
∂h
)
Hc2,q,λ=0
= − 1
2pikBT
〈
Imψ′
(
1
2
+ i
hc2 +
~
2
vF · q
2pikBT
)∣∣∣Y (kˆ)∣∣∣2
〉
FS
(S.11)
and(
∂K
∂λ2
)
Hc2,q,λ=0
= − 1
h2c2
〈[
Reψ
(
1
2
+ i
hc2 +
~
2
vF · q
2pikBT
)
− Reψ
(
1
2
+ i
~
2
vF · q
2pikBT
)] ∣∣∣Y (kˆ)∣∣∣2
〉
FS
− 1
hc2
1
2pikBT
〈
Imψ′
(
1
2
+ i
hc2 +
~
2
vF · q
2pikBT
)
cos2 φ
∣∣∣Y (kˆ)∣∣∣2
〉
FS
. (S.12)
The notation is the same as in Figure 1. Numerical evaluations result are shown in Fig.S2.
The findings can be summarized as follows: First, the change λ
∆0
dhc2
dλ
∣∣∣ is positive over the
entire temperature range. This is to be expected since the spin-orbit interaction reduces
the magnetic polarization which, in turn, limits spin singlet pairing. Second, the critical
temperature Tc of an isotropic s-wave superconductor is not affected by weak spin-orbit
interaction λ ≪ EF , in agreement with Anderson’s theorem. Third, the behavior changes
at the tricritical point T ∗ where the normal state merges with the homogeneous and a
modulated superconducting state. In this regime, the upper critical field is highly sensitive
to spin-orbit interaction. Finally, the upper critical field of the quasi-2D superconductor
remains unaffected at T = 0 by weak spin-orbit interaction.
IV. TRICRITICAL POINT
A special finding has been the initial decrease of T ∗/Tc with λ 6= 0 from its value T ∗(λ =
0)/Tc = 0.56. The minimum value is reached for λ = λc2 ≃ 0.7∆0. Beyond this point,
T ∗/Tc as well as the critical magnetic field h
∗ at T ∗ increase continuously with λ. This is
demonstrated in Fig. S3.
V. COMPARISON WITH SPIN-ORBIT SCATTERING FROM IMPURITIES
It is interesting to compare Eq. (6) for q = 0 with the corresponding expression when the
spin-orbit interaction is due to scattering of electrons by impurities or surfaces instead of the
Rashba interaction. These processes do not conserved the momentum of the electrons. They
conserve time-reversal symmetry though. Therefore the single electron states are Kramers
6
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FIG. S3: Tricritical temperature T ∗ and magnetic field h∗ in units of ∆0 as function of λ/∆0. One notices
an initial decrease of T ∗ from its value at λ = 0. The minimum of T ∗/∆0 is reached at λ ∼ 0.7.
degenerate and Cooper pairing takes place between these. The spin is no longer a good
quantum number and therefore the spin susceptibility of the superconducting ground state
is finite and depends on the spin-orbit scattering rate τ−1SO . If
v (k,k′) =
ivSO
k2F
[k× k′]σ (S.13)
denotes the spin-orbital part of the scattering potential of an impurity the scattering rate is
1
τSO
= ni
N(0)
2
∫
dΩ |vSO|2 sin2 ϑ (S.14)
where ϑ is the angle between k and k′ and ni is the impurity concentration. As usual N(0) is
the electron density of states in the normal state per spin direction. In addition to the spin-
orbit scattering rate there is also an isotropic Coulomb scattering rate τ−1 when impurities
are present. This rate is usually much larger than τ−1SO so that often the dirty limit τ∆0 ≪ 1
is assumed.
The mathematical technique of treating a spin-orbit component in the impurity scatter-
ing amplitude is due to Abrikosov and Gorkov [2]. When we introduce the dimensionless
quantities b = (3τSO∆0)
−1 and h˜ = h/∆0 (with h = µBHc2) we obtain by following [3], or
7
alternatively [4]:
lnT/Tc = ψ(1/2)− 1
2

1 + b(
b2 − h˜2
)1/2

ψ
(
1
2
+
∆0
2piT
(
b−
(
b2 − h˜2
)1/2))
−1
2

1− b(
b2 − h˜2
)1/2

ψ
(
1
2
+
∆0
2piT
(
b+
(
b2 − h˜2
)1/2)1/2)
. (S.15)
The similarity but also the difference to Eq. (6) with q = 0 is easily recognized. The
difference between the two equations is due to the different stage at which the averaging over
the direction of the electron momentum is done when Cooper pairs form. In (6) this average
is done after the electron-phonon interaction is treated while in (S.15) due to τ∆0 ≪ 1 it is
done before the electrons interact with the phonons and pair up [3, 4]. The dependence of
Hc2(T ) as obtained from (S.15) differs strongly from the one of (6). The equation simplifies
further when b≫ 1. In this case (S.15) reduces to
ln
T
Tc
= ψ
(
1
2
)
− ψ
(
1
2
+
α
2piT
)
(S.16)
with α = h˜2/(2b). This type of equation is well known from the theory of Abrikosov and
Gorkov [5] for magnetic impurities in superconductor. It applies also to numerous other
situations when time-reversal symmetry breaking perturbations are acting on spin singlet
Cooper pairs like here the Zeeman field. A number of different features following from (S.15)
have been discussed in detail in [6] and need not be repeated here.
[1] Daniel Zwillinger, Victor Moll, I. S. Gradshteyn, and I. M. Ryzhik, Table of Integrals, Series,
and Products (Eigth Edition), Academic Press (2014)
[2] A. A. Abrikosov and L. P. Gorkov, Zh. Eksp. Teor. Fiz. 42, 1088 (1962), Engl. transl.: Sov.
Phys. -JETP 15, 752 (1962)
[3] K. Maki and P. Fulde, Phys. Rev. 141, 275 (1966)
[4] N. R. Werthamer, E. Helfand and P. C. Hohenberg, Phys. Rev. 147, 295 (1966)
[5] A. A. Abrikosov and L. P. Gorkov, Zh. Eksp. Teor. Fiz. 39, 1781 (1960), Engl. transl.: Sov.
Phys. -JETP 12, 1243 (1961)
[6] P. Fulde, Adv. Phys. 22, 667 (1973)
8
